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ATOMIC AND MOLECULAR DECOMPOSITIONS IN VARIABLE 
EXPONENT 2-MICROLOCAL SPACES AND APPLICATIONS 

ALEXANDRE ALMEIDA* * AND ANTONIO CAETANO 


Abstract. In this article we study atomic and molecular decompositions in 2-microlocal 
Besov and Triebel-Lizorkin spaces with variable integrability. We show that, in most 
cases, the convergence implied in such decompositions holds not only in the distributions 
sense, but also in the function spaces themselves. As an application, we give a simple 
proof for the denseness of the Schwartz class in such spaces. Some other properties, like 
Sobolev embeddings, are also obtained via atomic representations. 


1. Introduction 

In this paper we deal with atomic and molecular decompositions for 2-microlocal spaces 
of Besov and Triebel-Lizorkin type with all exponents variable, including applications, 
for example, to Sobolev type embeddings. This work can be viewed as a continuation of 
our paper [2], where key properties like characterizations by Peetre maximal functions, 
liftings and Fourier multipliers were studied. 

We also refer to [2] (and the references therein) for a review on the scales B™ ) q ^ and 
) helping to contextualize our study. We recall that the investigation of function 
spaces with variable exponents has been partially motivated by applications to fluid 
dynamics [34], image processing BUSH)], PDE and the calculus of variations P m ED]; 
see also the monographs mw and the survey [19] for further details. 

Atomic and molecular representations for the spaces B™^ q and (so with con¬ 

stant q in the B case) were already obtained by Kempka in [25]. In the present article we 
give characterizations in terms of atoms and molecules for the full scales above including 
the difficult case of variable q in the Besov space B™^ q ^ (see Section [4]) which, as we 
can see later, is far from being a mere extension. In fact, the mixed sequences spaces 
£ 9 (.)(L p (.)) behind do not share some fundamental properties as in the constant exponent 
situation (like the boundedness of the Hardy-Littlewood maximal operator), and they 
are hard to deal with particularly when the exponent q is unbounded. 

We would like to emphasize that even in the cases studied in [25] our statements have 
different formulations. The idea is to improve and clarify some points and also to give ad¬ 
ditional information which is hard to find in the standard literature on atomic/molecular 
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representations. By this reason we give some proofs and comments in a separate part 
(see Section ED- 

Another of the main results (see Section [5} asserts that in most cases the convergence 
implied in the atomic/molecular decompositions holds in the spaces themselves (see The¬ 
orem 15.ip . We show that this remarkable effect, not usually referred in the literature 
(but see [Bj for an exception in the framework of classical spaces), may have interesting 
consequences (for example, to immediately get the denseness of the Schwartz class in the 
spaces and ) when p and q are bounded). Sobolev type embeddings are 

also established as application of the atomic decompositions obtained (see Section 0. 

In Sections [2] and [3] we review some background material and derive some preliminary 
results needed in the sequel. 


2. Preliminaries 

As usual, we denote by R n the n-dimensional real Euclidean space, by N the collection 
of all natural numbers and No = N U {0}. By Z n we denote the lattice of all points in M n 
with integer components. If r is a real number then r + := max{r, 0}. We write B(x,r) 
for the open ball in M n centered at x G M n with radius r > 0. We use c as a generic 
positive constant, i.e. a constant whose value may change with each appearance. The 
expression / < g means that / < eg for some independent constant c, and / ~ g means 
/ ^ /• 

The notation X Y stands for continuous embeddings from X into Y, where X 
and Y are quasi-normed spaces. If E C R n is a measurable set, then | E\ stands for its 
(Lebesgue) measure and \e denotes its characteristic function. By supp / we denote the 
support of the function /. 

The set S denotes the usual Schwartz class of infinitely differentiable rapidly decreasing 
complex-valued functions and S' denotes the dual space of tempered distributions. The 
Fourier transform of a tempered distribution / is denoted by / while its inverse transform 
is denoted by / v . 

2.1. Variable exponents. By V(JBL n ) we denote the set of all measurable functions 
p : M n —> (0, oo] (called variable exponents) which are essentially bounded away from 
zero. For E C M n and p G P(M n ) we denote p ^ = esssup£.p(a;) and p^ = ess inf(a;). 
For simplicity we use the abbreviations p + = p^ n and p~ = p^ n ■ 

The variable exponent Lebesgue space L p t.) = L p (.)(M n ) is the class of all (complex or 
extended real-valued) measurable functions / (on M n ) such that 

Q P i)(f A) := jf <f> P (x) dx 


is finite for some A > 0, where 


(t p 

if p G (0, oo), 

<Pp(t) '■= < o 

if p = oo and t G [0,1], 

1 oo 

if p = oo and f G (1, oo 


It is known that p p (.) defines a semimodular (on the vector space consisting of all 
measurable functions on R n which are finite a.e.), and that L p (.) becomes a quasi-Banach 
space with respect to the quasi-norm 

\\f\ L p(-)\\ ■= inf {A > 0 : g pi) (//A) < 1} . 
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This functional defines a norm when p~ > 1. If p{x) = p is constant, then L p (.) = L p is 
the classical Lebesgue space. 

It is worth noting that L p ^ has the lattice property and that the assertions / G L p (.) 
and ||/ | L p (.) || < oo are equivalent for any (complex or extended real-valued) measurable 
function / (assuming the usual convention inf 0 = oo). The fundamental properties 
of the spaces L p (.), at least in the case p~ > 1, can be found in |28] and in the recent 
monographs 0. 0 The definition above of L p ^ using the semimodular g p ^ is taken 
from [Q’ . 

For any p G V(M. n ) we have 


11/1 Ah 


i/hah 

r 


r G (0, oo), 


and 

11/ + 9 \ L p{-)\\ < max jl, 2W _1 j (||/|L p( .)|| + ||sl4>(-)ll) . 

A useful property (that we shall call the unit ball property ) is that p p (-)(f ) < 1 if and 
only if \\f\L pi) \\ < 1 ([D] Lemma 3.2.4]). An interesting variant of this is the following 
estimate 

(2-1) min{p p( . ) (/)^,p p( . ) (/)^} < ||/|L p( .)|| < max |p p( .)(/)^, p p( . } (/)^ } 


for p G V(JBL n ) with p~ < oo, and Q p (.)(f) > 0 or p + < oo. It is proved in [9| Lemma 3.2.5] 
for the case p~ > 1, but it is not hard to check that this property remains valid in the 
case p~ < 1. This property is clear for constant exponents due to the obvious relation 
between the quasi-norm and the semimodular in that case. 

For variable exponents, Holder's inequality holds in the form 


ll/slAII <2 ||/IAhIIIMA'H 


for p G V(M. n ) with p > 1, where p' denotes the conjugate exponent of p defined 
pointwisely by^y + ^yy = l, x G M n . 

From the spaces L p (.) we can also define variable exponent Sobolev spaces W k,p ^ in the 
usual way (see i, 0 and the references therein). 

In general we need to assume some regularity on the exponents in order to develop 
a consistent theory of variable function spaces. We recall here some classes which are 
nowadays standard in this setting. 

We say that a continuous function g : R" —)• R is locally \og-Holder continuous , 
abbreviated g G C^, if there exists Ci og > 0 such that 


\9(x)-g(y)\ < 


_ C iog 

log(e + l/\x 


y I) 


for all x, y G R n . The function g is said to be globally log-Holder continuous, abbreviated 
g G C* 10 ®, if it is locally log-Holder continuous and there exist g^ G R and Cio g > 0 such 
that 


I^O) - 9oo 


< 


Q 


log 


log(e + |x|) 


for all x G R n . The notation 'P log (R n ) is used for those variable exponents p G "P(R n ) 
with i G C log . We shall write Ci og (^ 7 ) when we need to use explicitly the constant involved 

in the local log-H51der continuity of g. Note that all (exponent) functions in Cj'°® are 
bounded. 









4 


A. ALMEIDA AND A. CAETANO 


As regards the (quasi)norm of characteristic functions on cubes Q (or balls) in K n , for 
exponents p G 'P log (M n ) we have 

(2.2) || Xq IA,(.)II ~ \Q\*® if \Q\ < 1 and x G Q, 
and 

IIxq I^poII ~ \Q\^° if \Q\ > 1 

(see p| Corollary 4.5.9]). 

2.2. Variable exponent mixed sequence spaces. To deal with variable exponent 
Besov and Triebel-Lizorkin scales we need to consider appropriate mixed sequences 
spaces. For p,q G ViW 1 ) the mixed Lebesgue-sequence space L p ^(£ q ^) ([ID]) can be 
easily defined through the quasi-norm 

(2.3) K(/A|£p(.)(V))l! := ||II(LWMV)IIIA<->II 

on sequences (fu)i/&N 0 °f complex or extended real-valued measurable functions on M n . 
This is a norm if min{p“,g”} > 1. Note that £ q ( x ) is a standard discrete Lebesgue space 
(for each x G K n ), and that (12.31) is well defined since q(x) does not depend on v and the 
function x —>■ || (fv(x)) v |^ g (a;)|| is always measurable when q G P(M n ). 

The “opposite” case £ ? (.)(L P (.)) is not so easy to handle. For G V(M. n ), the mixed 
sequence-Lebesgue space £ q ^(L p ^) consists of all sequences (f v )ueN 0 °f (complex or ex¬ 
tended real-valued) measurable functions (on W 1 ) such that < oo for 

some fj, > 0, where 

(2.4) Qe^L^dfJv) ■= X/ nf { A ^ > 0 : < !}■ 

u>0 

Note that if q + < oo then (12.41) equals the more simple form 

(2.5) ! ?<„.>^(->)((/J4 = E||i/-i' ,<, i i a|- 

v> 0 

The space £ g q' ) (L p q\) was introduced in [3] Definition 3.1] within the framework of the 
so-called semimodular spaces. It is known ([3]) that 

\\(L)v K(.)( l k-))II := inf {f > 0 : < l} 

defines a quasi-norm in £ q ^(L p ^)) for every G 'P(M n ) and that || • \£ q ^.)(L p ^)\\ is a 
norm when q > 1 is constant and p~ > 1, or when < 1 for all x G M n . More 

recently, it was shown in ra that it also becomes a norm if 1 < q(x) < p(x) < oo. 
Contrarily to the situation when q is constant, the expression above is not necessarily a 
norm when minjp - , q~} > 1 (see |27j for an example showing that the triangle inequality 
may fail in this case). 

It is worth noting that £ q ^{L p ^) is a really iterated space when q G (0, oo] is constant 
([3] Proposition 3.3]), with 

(2.6) II(/AI«A())II = ||(IIMA(.)II)J4||. 

We note also that the values of q have no influence on | \(f v ) u \^q(-)(^p(-))\\ when we consider 
sequences having just one non-zero entry. In fact, as in the constant exponent case, we 
have \\(f u )u | £q{-){L p (.))\\ = \\f | L p (.)|| whenever there exists is 0 G No such that /„ 0 = / and 
f u = 0 for all v ^ vq (cf. pi Example 3.4]). 
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Simple calculations show that given any sequence ( f v ) u of measurable functions, finite¬ 
ness of \\(fu)u |4(.)(£ P (-))II implies (f u ) u G I q q){L p qf), which in turn implies f v G L p (.) for 
each v G No- Moreover, 

II (U)u K 9 (-)( L p(-))II < 1 if and onl y if < 1 (unit ball property) 

(see m- From the latter, we can derive the following inequality on the estimation of the 
quasi-norm by the semimodular: 

Lemma 2.1. Let p,q G VfMJ 1 ) with q~ < oo. If Qe q{ . ) (L p{ . ) )((fu)v) >0 or q + < oo, then 

II (/«/)«/K?(-)( l p(-)) II ^ max {^ ( .)(ho) ((/^) F > ft,o(h(.))((/^) F } • 

The next result will be very useful below when checking the convergence implied in the 
atomic representations. 


Lemma 2.2. Let p,q G V(M. n ) with q + < oo. If (f u ) uG n 0 G I q q)(L p qf), then 

\\(fv)v>T \£q(-){L P (-))\\ ^ ® as T — > oo. 

Proof. From the previous lemma, the claim follows if we show that (( fv )u>t) 

0 as T —> oo. Since (fu)u£N 0 £ f( 9 (.)(Lp(.)), by definition there exists po > 0 such that 
et q ef L p(.)){Lo{fv)v eNo) < oo- We have 


OO 

u=0 


< max 




i /=0 


p(-) 

q(-) 


using the fact that q is bounded, and therefore the semimodular takes the more 

simple form (12.511 in that case. Since the right-hand side of this inequality is finite, we 
conclude that the numerical series 


T I/CG-Cb 

s; 11 *■> 


converges. Consequently 




>)Tp(->) ((/,) v>t) ~ £ \fv 


?(■) 


v=T 


L P (.) 

W> 


—)■ 0 as T —> oo. 


□ 


Both mixed sequence spaces L p q)(£ q qf) and £ g (.)(L p (.)) also satisfy the lattice property. 
Some basic embeddings involving these spaces are the following (cf. [21 Lemma 2.11 and 
O Theorem 6.1]): 

Lemma 2.3. Let p, q, q 0 , qi G VfBL). If q 0 < q\ then we have 

-Lp(-)(^go(-)) ^ -^p(-)(^gi(-)) an d ^<?o(-)(-^p(-)) ^gi(-)(-^p(-))- 

Moreover, ifp + ,q + < oo then it also holds 

£mm {p(-),q(-)}(L'p(-)) ^ ^ ^max{p(-),<j(-)} (£p(-)) • 

Since the maximal operator does not behave well on the mixed spaces L p (.)(£, ? (.)) and 
4 (-)( l p(-)) ( cf - ESDI), a key tool in this framework are the convolution inequalities below 
involving the functions 


(1 + 2 u \x\) R ’ 


Vv,r( x ) '■ 


v G N 0 , R> 0. 
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Lemma 2.4. Let p,q G 'P log (R ri ) and (f v ) v be a sequence of non-negative measurable 
functions on R n . 

(i) If 1 < p~ < p + < oo and 1 < q~ < q + < oo, then for R > n there holds 

\\(riu,R* fu)u\Lp(.)(£ q (.))\\ < \\(fv)v\L p (.)(£ q (.))\\. 

(ii) Ifp~ > 1 and R> n + C\ og (l/q), then 

\\(Vu,R * fv)v \£q{-)( L p{-))\\ < IK/^)^I4(-)( L P(-))II- 

The convolution inequality in (i) above was given in m Theorem 3.2], while the 
statement (ii) was established in [3], Lemma 4.7] and [26] Lemma 10]. 

3. 2-microlocal spaces with variable integrability 

Let a,a\,a 2 G R with a > 0 and a\ < We say that a sequence of positive 
measurable functions w = (wj)j £ ^ 0 belongs to class VW“ Q2 if 

(i) there exists c > 0 such that 

(3.1) 0 < Wj(x) < cvjj(y ) (l + 2 j \x — y\) a 

for all j G N 0 and x, y G R n ; 

(ii) there holds 

2 ai Wj(x) < Wj + \(x ) < 2" 2 Wj(x) 
for all j G No and x G R". 

Such a sequence will be called an admissible weight sequence. When we write w G W“ Q2 
without any restrictions it means that a > 0 and aq, «2 G R (with oq < « 2 ) are arbitrary 
but fixed numbers. We refer to [231 Remark 2.4] for some useful properties of class 
>V“, a2 , and to j2] Examples 2.4-2.7] for a compilation of basic examples of admissible 
weight sequences. 

We now recall the Fourier analytical approach to function spaces of Besov and Triebel- 
Lizorkin type. Let (<^, $) be a pair of functions in S such that 

• suppv3 C {( G R" : \ < |£| < 2} and |</?(£)| > c > 0 when | < |£| < |; 

• suppl* C {( G R" : |£| < 2} and |4>(^)| > c > 0 when |^| < |. 

Set := $ and <pj := 2i n ip(2L) for j G N. Then ipj G S for all j G N 0 and 

supp C {( G R" : 2 j - 1 < 1^1 < 2 j+1 } , j G N. 

Sometimes we call admissible to a system {pj} constructed in this way. 

Given such a system, we define 2-microlocal Besov and Triebel-Lizorkin spaces with 
variable integrability in the following way: 

Definition 3.1. Let w= (wj) 3 G W“ l Q2 andp : q G V(M. n ). 

(i) q ^ is the set of all f G S' such that 

(3.2) II/|S P ”), S (-)II ■= l|(«’ife*/))jl4(.)(G-))H < oo. 

(ii) Restricting to p + , q + < oo, i s the set of all f G S' such that 
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The sets and become quasi-normed spaces equipped with the quasi¬ 

norms (13.21) and (13.31) . respectively. Moreover, they are independent of the admissible pair 
(<p, <f>) taken in its definition, at least when p and q satisfy some regularity assumptions. 
Indeed, if w G W“ a2 and p, q G 'P log (M n ) (with max{p + ,g + } < oo in the F-case), then 
different such pairs produce equivalent quasi-norms in the corresponding spaces. This 
fact can be obtained as a consequence of the Peetre maximal functions characterization. 
We refer to the papers [26l Theorem 6], [24[ Corollary 4.7], and also to (2] Theorem 3.1 
and Corollary 3.2] where some clarification and additional information is given. Notice 
that the “unnatural” restriction q + < oo appearing in the F space comes essentially from 
the application of Lemma, 12.414 ') (cf. [TO]). 

For simplicity we will omit the reference to the admissible pair (<p, $) used to define 
the quasi-norms (13.21) and (13.31) . Moreover, we often write A™^ q ^ for short when there 
is no need to distinguish between Besov and Triebel-Lizorkin spaces. 

The unified treatment given by the two scales above relies on [24]. The spaces A™^ q ^ 
include, as particular cases, the Besov and Triebel-Lizorkin spaces with variable smooth- 
ness and integrability, B p ^ q ^ and F p (.) q (.)-> introduced in [3] and [TO] , respectively, which 
in turn contain variable order Holder-Zygmund spaces m Section 7]), and variable ex¬ 
ponent Sobolev spaces and Bessel potential spaces mm)- Moreover, weighted function 
spaces (see [121 Chapter 4]) and spaces with generalized smoothness f |141 1221 T T]) are also 
included in the scales qP) . Classically, a fundamental example of 2-microlocal spaces 
(from which the terminology seems to come from) are the spaces constructed from the 
special weight sequence given by Wj{x) = 2 JS (1 + 2 J \x — x 0 |) s (s, s' G M), in connection 
with the study of regularity properties of functions (see [m la mi E]). We refer to 
for further references and details. 

One of the objectives of this paper is to derive Sobolev type embeddings using appro¬ 
priate atomic representations. At a more basic level, in [21 Section 5] we have shown that, 
for p, q , g 0 , qi G P(M n ) and w G >VT 1jQ , 2 , we have 

A w A w 

A p(-),g o(-) ^ A p(-),qi(-) 

when q 0 < qi (with p + , q$ , qf < oo when A = F) and 


TDW 

-Dp(.),min{p(-),q(.)} 


c_ \ JP W p> w 

^ ^p(-),q(-) ^ -“?>(■),max{p(.), g (.)} 


if p + , q + < oo. In particular, B™^ p[p = p ^. In Pj we have also obtained the following 

embeddings which will be useful later on: 


Proposition 3.2. Let w G W“ liti2 , v G p,q 0 ,qi G P(M n ) and T. : = ^ . 

If (ip-)j G iq^Loo) when A = B or (^). G Loo(V) and p + ,qf,qf < oo when A = F, 
then 


(3,4) 


A. 


■P(’).9 o(0 


4T 


■p(-)>?l(-) - 


Although we are interested to work with function spaces independent of the starting 
system {ifj}, the fact is that we do not need the log-Holder conditions on the exponents 
to derive the previous embeddings. This means that the conditions assumed above are 
those actually needed in the proofs, and that the results should then be understood to 
hold when the same fixed system is used for the definition of all spaces involved. 

We also have 




w 

P(-)W) 


^ S’ 
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for p,q E 'P log (M n ) and w E W “ 1Q2 (with p + ,q + < oo in the F case). We refer to [2J 
Theorem 5.4] for a proof using liftings. An alternative proof could also be derived using 
Sobolev type embeddings (see Corollary 16.41) and the above embeddings, following the 
scheme used in | 32l Theorem 2.11] for constant q. 

4. Atomic and molecular decompositions 


We use the notation Qj m , with j E No and m E Z n , for the closed cube with sides 
parallel to the coordinate axes, centered at 2 -J m and with side length 2 -J . By Xjm we 
denote the corresponding characteristic function. The notation dQj m , d > 0, will stand 
for the closed cube concentric with Q ]m and of side length d2~f 

Definition 4.1 (Atoms). Let K,L E No and d > 1. For each j E No and m E 7L n , a 
C K -function aj m on M n is called a (K, L, d)-atom (supported near Qj m ) if 

supp a jm C d Q jm , 


(4.1) 

sup \D' y a jm (x)\ < 2 l7|j , 

o;GM n 

0 < M < K, 

and 



(4.2) 

/ x 1 aj m (x) dx = 0 , 

J R" 

0 < 7 < L. 


A (A', 0, d)-atom is an atom for which the requirement (14.21) is void, that is, for which 
the so-called moment conditions are not required. The ao )rn atoms we are going to consider 
are always ( K , 0, d)-atoms. 

Definition 4.2 (Molecules). Let K,L E N 0 and M > 0. For each j E N 0 and m E Z n ; 
a C K -function [aa]j m on M n is called a (K, L, M)-molecule (concentrated near Qjm) If 

(4.3) \D' y [aa]j m (x)\ < 2 l7li (l + 2 j \x - 2~ j m\)- M , x E M n , 0 < |y| < K, 
and 

(4.4) / x 7 [ aa]j m (x ) dx = 0 , 0 < |y| < L. 

JR n 


A (A", 0, M)-molecule is a molecule for which the requirement (14.41) is void (i.e., moment 
conditions are not required). The [aa]o, m molecules we will consider are always (A', 0, M)- 
molecules. 


Remark 4.3. It is easy to check that if aj m is a (A", A, d)-atom (so supported near Qj m ), 
then, given any M > 0, (l + M aj m is a (A', A, M)-molecule concentrated near Qj m . 

Definition 4.4. Let w E W “ 1Q , 2 andp,q E V(R n ). The sets bf’ ( ) q( ^ and fp^ q ^ consist 
of all (complex-valued) sequences A = (A, m )jeN 0 such that 


and 


l|A|h 




IIAI/pow) 



Kq(-)(Ap(.)) 




< OO 


< oo, 


respectively. 
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Using standard arguments, it is easy to see that the sets q ^ and become 

quasi-normed spaces equipped with the functionals above. Furthermore, taking into 
account the properties of class W“ a , we can use Wj(x ) in place of Wj[2~^m) in the 
expressions above, up to equivalent quasi-norms. 

For short we will write (A Jm ) instead of (Xj m )jen 0 when it is clear we are working with 

m£Z n 

the exhibited set of indices. Similarly as before, we shall write to refer to both 

spaces without distinction. 

From Lemma [2.31 we immediately get the following result: 


Corollary 4.5. Let wG W“ ia2 and p, q, q 0l q 1 G 'P log (R n ). If q Q < q 1} then 

a p(-).9o(-) ^ a p(-)»9l(')' 

Moreover, ifp + ,q + < oo, then 


h w f w c_s. h w 

0 p(.),min{p(.),q(.)} ^ / p (.) i9 (.) ^ °p(.),max{p(-),«,(•)}• 


For r, t G (0, oo] we use the notation 

i 


( J r ,t •— ^ 


min{l,r,i} 


- 1 


and a r '.— a, 


r,r • 


Before passing to the main atomic and molecular representation statements, we would 
like to take the opportunity to clarify some convergence issues that typically are not so 
clearly mentioned in the literature. 


Proposition 4.6. Let w G >V“ 1)Q , 2 , p G P log (M ri ). Let also K , L G No and M > 0 he such 
that 

(4.5) L > a p - — aq and M > L+ 2n + 2a + 2c\ og {l/p) a p -. 

Let [aa]om, m G Z n , be (K,0, M) -molecules and, for j G N and m G Z n , [aa]j m be 
(K, L, M) -molecules. If A G b™^ OQ , then 

OO 

(4.6) ^ ^ ^ ^ Ajjjj 

j=0 m£2” 

converges in S' and the convergence in S' of the inner sum gives the regular distribution 
obtained by taking the corresponding pointwise convergence. Moreover, the sum 

(4.7) Aj m [aa]j m 

(i? m )EN o xZ n 

converges also in S' (to the same distribution to which the iterated series in (14.61) con¬ 
verges). 


Remark 4.7. Although in [35, Lemma 3.11] we can see an effort to clarify the convergence 
implied in (14.61) . only the proof of the convergence of the outer sum is outlined, see [351 
Appendix], So, in order to complete the picture, we refer the reader to Subsection 17.11 
below, where the missing parts are proved. 


Remark 4.8. By Corollary 14.51 we see that the convergence results remain valid whenever 
A G a p(.) g (.) (with p + ,q + < oo in the case a = /). Moreover, a corresponding result 
also holds when we replace molecules by atoms since the latter are essentially special 
cases of the former up to multiplicative constants. Indeed, given ( K , L, d)-atoms a jrn , 
for any M > 0, (l + M aj m are (K, L , M)-molecules of a corresponding type (cf. 
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Remark 14.31 above). As long as we choose M satisfying the second assumption in (14.51) 
and take A G q ,y we guarantee the convergence of 

OC 

Y Y ^0™ l 1 + ^r) M(l jm and Y \rn (l + M a jm 

j =0 mGZ n (j,m)£NoxZ n 

in S', where clearly the extra constant (l + M can be taken out of the sums. 

In the sequel we present atomic and molecular decompositions statements for the gen¬ 
eral spaces A^) 9 (). Our statements introduce several improvements to the usual way 
of presenting corresponding results in the related literature when dealing with different 
particular cases. By these reasons, we give detailed formulations below. 

Coming back to Proposition 14.61 one can show that if A = (A j m ) belongs to suitable 
sequence spaces and one makes appropriate stronger assumptions on K, L and M, then 
the distribution represented by (14.61) belongs indeed to a certain corresponding function 
space and its quasi-norm is controlled from above by the corresponding quasi-norm of A: 

Theorem 4.9. Let w G W“ 1 a2 , p,q G P log (l"), K, L G N 0 and M > 0 be such that 

(4.8) 

K >a 2 , L > a p -—a 1 + ci og (l/q), M > L+2n+2a+max{l,2ci og (l/p)}cr p - + ci og (l/q) 
when a = h and A = B, or 

(4.9) K > a 2 , L > (7 p — q — — a.\ , M > L + 2n + 2a + max{l, 2 c\ og {l/p)} cr p - >q -, 

when a = / and A = F (with the additional restriction p + ,q + < oo in this case). Let 
also [aa] 0m , m G TA, be (K,0, M)-molecules and, for j G N and m G 7U 1 , [aa]j m be 
(K, L, M)-molecules. If A = (A j m ) G a™.) then 

OO 

(4.10) g := 'y ] y ^ A j m [aa]j m G A p ^ q ^y 

j =0 mGZ n 

Moreover, there exists c > 0 such that 

(4-11) \\g |A“(.) )9 (.)|| < c ||A |a£(.),g(.)|| 

for all such molecules and all such A. 

Comments to the proof, including auxiliary results, are given in Subsection 17.21 below. 

Remark 4.10. The reader may note that the sufficient conditions on the size of M in (14.81) 
and (14.91) slightly differ from the corresponding assumptions given in |25l Remark 3.14], 
It seems (private communication from the author) the latter contains some misprints in 
the calculations mentioned there. Arguing as in Remark 14.81 we can see that a similar 
result to the previous theorem holds with atoms instead of molecules, under the same 
assumptions (except those on M, since it plays no role then). Note that we recover stan¬ 
dard assumptions when we deal with the classical spaces A s pq with constant exponents, 
since in that situation we have a = 0, oq = a 2 = s and Ci og (l/p) = Ci og (l/g) = 0. 

The next result shows that compactly supported functions with continuous and bounded 
derivatives up to a given order belong to the spaces A™^ if that order is large enough. 

Corollary 4.11. Let K G No and if be a C K -function on K n with compact support. Then 
G A™^ for any w G W" l Q , 2 with a 2 < K and p,q G V l ° s (R n ) (with p + , q + < oo also 
in the case A = F). 
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Proof. Let M := max sup \D' 1 if(x)\ Then M is finite by the hypotheses on if. There is 
l7l<A':ceK n 

nothing to prove if if = 0, therefore we assume if ^ 0, in which case M > 0. Since 


sup 




<1 = 2 |7| °, 0 < |y| < K, and 


supp -i C d <5 00 


for d > 1 chosen large enough, we see that ~ is a (AT, 0, d)-atom a oo- Consider the 
remaining a jm , j G No, m G identically zero, so that they are (A", A, d)-atoms whatever 
the L G No we choose. Define the sequence A = (A j m ) by taking A j m = M for j = 0 and 
m — 0, and A j m = 0 otherwise. It is not hard to see that A G q ^. Indeed, we have, 

with hj = Emez" ^jm'W j (2~ J m)xjm, 

ll A I = IKMj I 4(-)( L p(-)) II = Mw o (0) ||xoo \Lp(.)\\ = Mw 0 (0) < oo, 

since the sequence ( hj)j has only one non-zero entry, namely h 0 — M Wo(0) Xoo- The case 
a = f is similar. Using the fact that K > 0 - 2 , from Theorem 14.91 and Remark 14.101 we 
conclude that 

OO 

^ = a t rn ^ ’ 

j=0 meZ" 

which proves the claim. □ 


In particular, the previous corollary shows that ( K , A, d)-atoms belong to the space 
^ for any p, g G 7 ?log (M”) (with p + ,q + < 00 in the case A = F) and w G W " lQ!2 
such that a 2 < AT. Arguing as in the last part of the preceding proof, it is clear that the 
molecules in Theorem 14.91 belong also themselves to the ^ q ^ considered there. 

The next theorem is a kind of reciprocal to Theorem 14.91 now for atoms. 

Theorem 4.12. Let K , A G N 0 and d > 1. 

(a) For any f G S', there exist A(/) := (A Jm ) C C and (A', 0, d)-atoms a 0m G S, 

m G Z n ; and (A", A, d)-atoms aj m G 5, j G N, m G such that 

OO 

(4.12) / = A j m ajm 

j=0 mGZ n 

where the inner sum is taken pointwisely and the outer sum converges in S'. 

(b) If, moreover, f belongs to some space A™ ^^, for some w G W “ 1)Q2 andp,q G 
V l ° e (M. n ) (with the additional restriction p + ,q + < 00 in the case A = F), then 
both sums above converge in S' and 

ll^(/) l a ™(-), 9 (-)ll ~ Wf\Ap(-),q(-)\\- 

Remark 4.13. 

(i) The choice of K , A and d above is completely independent of the parameters p, q 
and w. We are claiming that any / G S' can be represented by atoms as in (14.121) 
for whatever K , A G No and d > 1 we choose. In particular, we can take A = 0 
and consequently no moment conditions are required for the atoms. As far as 
we can check, this interesting fact is never mentioned in the literature. It is also 
worth pointing out that the atomic representation (14.121) we built is the same for 
each given / G S', independently of the space A™ , q ^ where / might belong to. 
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(ii) By comparison with (14.1111 (and noting that a similar estimate holds for atoms, 
as mentioned above), we see that when all the hypotheses are met, our choice of 
atoms and coefficients in the previous theorem indeed satisfies 

II A l a P(o,9(-)ll ~ 11/ I^pomoII 

and we then say we have an optimal atomic decomposition in v4™ } q ^ for /. 

(iii) Even for the cases covered by former results in [25l Theorem 3.12, Corollary 5.6], 
and even when restricting to constant exponents (see, e.g., EZt Step 4 on pp. 80- 
81]), Theorem 14.121 above contains more information and better assumptions. In 
particular, the convergence of the outer sum follows directly from the convenient 
reproducing formula used in the proof given in Subsection l7.3l and does not require 
the consideration of big values for K nor A. 

Taking into account all the comments made in the previous remark, we find it conve¬ 
nient to write down a complete proof for Theorem 14.121 (cf. Subsection 17.31) . 

It is easy to see that the previous theorem can also be read with (AT, A, M)-molecules 
(for given K, A G No and M > 0) instead of the corresponding atoms. Indeed, from 
(I4.12D we have 


-M 


*jm 


/ - y^ y^ i+ d (i+ 

j =0 mGZ n 

where (l + d^) 1 U ajm are (A", 0, M)-molecules if j = 0 and (AT, A, M)-molecules if j G N. 
Moreover, one has 

, M\ 


II (Ajm (l + d^) ) 


< 


11/1 A 7 -Ui- 


' j,m I p(')>'?(') I 

with the implicit constant still independent of /. 

Combining the previous results and remarks we get the following representations. 

Corollary 4.14 (atomic decomposition). Let w G W“ 1 Q:2 and p,q G V log (M. n ) (with 
p + ,q + < oo in the F-case). Let K , L G No and d > 1 be such that 


K > «2 and 


L > a p - 


«1 + Clog(l/<?) 


in the B-case, or 

K > «2 an d L > (J p — q— — 

in the F-case. Then f G S' belongs to A™^ q ^ if and only if there exist A = (A Jm ) £ 
a p(-) g(-) an d (^ 0, d)-atoms ao m , m G TA, and (A", A, d)-atoms aj m , j G N, m G TA, such 
that 


/ = ££ A 

j =0 mGZ n 


jm djm 


(convergence in S'). 


(4.13) 

Moreover, 

illf II A | a p(-),q(-) II 

defines a quasi-norm in which is equivalent to || • I) <?(-) II? w ^ ere the infimum 

runs over all A G ) q ^ that can be used in (I4.13P (for fixed f G A™^ q ^) for all possible 
atoms with the properties described above. 
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Corollary 4.15 (molecular decomposition). Let w G W“ a andp,q G 'P log (M n ) (with 
p + , g + < oo in the F-case). Let K , L G No and M > 0 satisfying (HU) m the B-case, or 
(14. 9 1) m the F-case. Then f £ S' belongs to A™^ if and only if there exist A G a™.) 
and (K, 0, M) -molecules [aa]o m , rn G Z”, and (K, L , M) -molecules [aa}j m , j G N, m G Z n , 
such that 

OO 

(4.14) / = EE A j m [aa]j m (convergence in S'). 

j =0 m£Z n 


Moreover, 


inf || A | a“(. )i q ( . ) || 

defines a quasi-norm in which is equivalent to || • \A p ^ 

runs over all A G q ^ that can be used in (I4.14|) (for fixed f G A 

molecules of the type described above. 


|| ; where the infimum 
p(.), q (.)) f° r al1 possible 


s(-) 

Remark 4.16. We note that atomic representations for the particular spaces B p ^ were 
derived in m Furthermore, during the very final part of the preparation of this article, 
we became aware of the quite recent papers [4U1 PIT] where the corresponding authors 
have obtained smooth molecular and atomic characterizations for generalized spaces of 
Triebel-Lizorkin and Besov type denoted by n and -^p(.w.)> respectively. However, 

although quite general, such scales do not include all the cases covered by the scales we 
are dealing with in our paper. 


5. On the type OF CONVERGENCE AND APPLICATIONS 

This section aims to complement the results given in the previous one. In this part we 
discuss the type of convergence involving the atomic and molecular decompositions above. 
The main result, Theorem 15.11 shows that the convergence implied in Theorem 14.91 holds 
not only in S' but also in the spaces A™^ q ^ themselves when the integrability parameters 
are bounded. As we can see below, this is an important fact having relevant implications 
and typically it is not mentioned in the standard literature even for classical spaces with 
constant exponents. We note that this problem was first explicitly studied for the classical 
Besov and Triebel-Lizorkin spaces in |6]. 

We formulate the theorem below in terms of molecules, but clearly a corresponding 
result in terms of atoms holds as well. 

Theorem 5.1. Under the hypotheses of Theorem E3 if q + < oo then the convergence 
of the outer sum in (14.101) holds also in the spaces A p ^ q ^. Additionally, if also p + < oo 
then the overall convergence in (14.101) to g holds in Aff . } q ^. In fact, if both exponents p 
and q are bounded we even have 

(5.1) g ^ ^ A j m 

(j,m)GNo xZ n 

with summability in A™^ q ^. 

Proof. We give the proof for the B space only. The F counterpart can be done using 
similar arguments (with the necessary modifications). 

Step 1 : We assume that q + < oo and prove the convergence of the outer sum in (14.101) 
in Bp(.) q (.)- F° r each T G N, let A t be the sequence formed from A by replacing the 
terms where j G {0,1,..., T} by zero, and A r be the sequence formed also from A but 
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by replacing the terms where j > T by zero. Then we still have At, A T E q ^y By 
Theorem 14.91 we have 

T 

^ l aa \j m 

j= 0 m£Z" 

and 

OO 

^p(-),q(-) ^ 9 t - = 'y ^ ^ ] A j m [aa]j m 

j=T+l m£Z" 

(with convergence in S'). Moreover, the same theorem yields 

Since q + < oo and A E 6™^ q yy from Lemma [2.21 we conclude that the quasi-norm of the 
right-hand side tends to zero as T —y oo. We have then shown that 

OO 

9 ~ /N yi ^jrn [aa\jm 

j=0 mGZ n 

with convergence of the outer sum in q ^ (and where the inner sum can either be 
interpreted pointwisely or in 5'). 

Step 2: In this step we assume that both p and q are bounded and then prove the 
summability of (15.11) in B™^ q ^y Let e > 0 be arbitrary small. We want to show that 
there exists a finite part Pq of No x Z n such that 


9~ A 

(i,m)eP 


‘jm l aaljm | B p yy q yj 


< e, 


for all hnite parts P of No x TS containing P 0 . Consider 

Po ■= {( j,m ) E N 0 x Z n : j < j 0 , \m\ < m 0 } 

with jo £ No and mo E Z n to be chosen (depending on e). For hnite P C No x Z n , let A p 
be the sequence given by \^ m = A j m if ( j , m) E P and Aj^ = 0 otherwise. We can write 


9 [dCi]jm Bp(-),q(.) 

= 

A jm [ 0a ]jm -®p(-),g(.) 

( j,m)£P 


{j,m)£P 


£ £ A 

j=0 mGZ n 

< c II A p I b. 


jm L aa ]jm I Bp{-),q{-) 


p(-)M-) II ’ 


naturally taking \^ m = A j m if (j, m) ^ P and A p n = 0 otherwise, with the inequality fol¬ 
lowing from Theorem 14.91 Note that the sums above converge in S' (cf. Proposition 14.61) . 
By homogenei 

to show that 


y, showing t 

C\P I LIU 


rat the last quasi-norm above is at most £ it is equivalent 
< 1. On the other hand, by the unit ball property, this is 
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equivalent to prove that the corresponding semimodular is less than or equal to one. We 
may assume e < c in the sequel. We have 


^9(0 ( l j>(-)) 


/ / \ \ 

OO 


9(0 

m J] ) 

= (f)" ,+ E 

y X fm W j ( 2 MXjm 

1 ?T7 

\ /j(/ 

3=0 

m£Z n 


(5.2) 


JO 


OO 


E 

-J=0 

■ ■ ■ A p (.) 

' 9(0 

+ E 

J=J0+1 

I_ 


As in the first step we can see that the second sum goes to zero when j 0 —y oo. Hence 
we can find jo £ N such that this sum is smaller than |(f ) 9 • As regards the first sum, 
we have 


Jo 


5^11 X jm W j( 2 J ™)Xjr 

j—0 meZ" 


9(0 


Lp() 

1 WJ 


JO 


< y, max ^ Qr±x | y I hj |9( ' } 


v jm I 


3=0 


|m|>mo 


JO 

SE 

3 =0 


) P p( ) 
< 2(0 


50 IM*’ |Ua 

< 2(0 


|m|>mo 


^ 1 I hjm 

|m|>mo 


9(0 


using the notation hj m := \j m Wj{2 J m)xjm and estimate ( 12 . 11 ) in the last inequality 
(note that | is bounded). Observe that 


Qp() 

W) 


E i ft 

|m|>mo 


jm | 


19(0 _ 


|^m(x)| 


|m|>mo 


P(®) 




Let 

j 

3j,j( x ) : =y y \hjm(x)\, JeNo, and /q(./j : '* h jm (x) • 

i=0 i<|m|<i+l m£Z" 

Then 0 < < gj and g Jy j —> gj pointwisely as J A oo. Moreover, the hypothesis 

A G bp(.) q (.) implies, in particular, that gj G L p (.y Since p + < oo we can apply the 
Lebesgue dominated convergence theorem (cf. (HI Theorem 2.62]) and conclude that 
3j,j —*■ 9j m L p (.) as J —> oo. This implies 


1 9 j,j{x) — gj(x)\ p( ' x ' l dx —> 0 as J —» oo, 


so that 


/ [ j: 

J R" L , , J 


dx —> 0 as J —> oo. 


|m|> J 


Therefore, for each j G {0,1,..., j 0 }, there exists m(j) G N such that 


<2 


max < q v {.) 

iTT 


E iw ,H 


j P p(-) 


'y 1 I hjm | 


9(0 


< 


2 (jo+l) 


(i)‘ 
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Taking mo := max{m(0), m(l),..., m(jo)}, we conclude that the first sum in (15.21) is 

dominated by YljLo 2 (jl +\) icY = ^(c) ? ■ Putting everything together, we have proved 
our claim. □ 

An interesting application of the previous theorem is the denseness of nice classes in 
the general 2-microlocal spaces with variable integrability. We can derive simple proofs 
of such properties by taking advantage of the convergence in the spaces themselves. We 
explore this in the next corollary and remark. 

Corollary 5.2. If w E W“ a2 and p,q E 'P log (M n ) with max{p + ,g + } < oo, then S is 
dense in A^ )q ^. 

Proof. For fixed p, q and w , consider / G AW q ^ and apply Theorem 14.121 to decompose 
/ into a linear combination of Schwartz atoms as 

OO 

f = 22^2 ^rn a um (convergence in 5'). 

v =0 mGZ n 

So here ao m E S, m E T n , and a vm E S, v E N, m E T n , are (K, 0, d)-atoms and (K, L, d)- 
atoms, respectively, and A = (\ urn )v,m € a p(-) q(-) m Moreover, K,L E No and d > 1 are 
at our disposal. If we have been careful enough to consider K and L according to the 
conditions (14.81) in the case A = B, or according to (14.91) in the case A = F, then from 
Theorem 15.11 (and the comments preceding it) we see that not only the convergence of 
the double sum above holds in A“.^ but we even have 

/= "22 with summability in A™^^. 

NoxZ 77 - 

Since No x TP is infinitely countable, we can write 

OO 

f = ^2 \j clj (convergence in A™ ( . ) q(:) ) 

3 =1 

after reindexing \ um and a um . This means that 

j 

/ = inA P(-)M-y 

3 = 1 

Since the partial sums belong to S the proof is complete. □ 

We note that the denseness of S in A™^ (for bounded p, q, and constant q in the B 
case) was recently referred in [16] and [32], with the suggestion that the proof be done 
following classical arguments as in [38] Theorem 2.3.3]. 

Remark 5.3. We can also say, in the case q + < oo and p + = oo (then we are dealing with 
B spaces), that each / G B™y can be approximated in B™ ^ q ^ by the sequence (f u )u 
of quite regular functions given by f u = A vm^um, with atoms and coefficients as 

in the proof of Corollary 15.21 for suitable large K , f G No. It is easy to see that such 
functions f u have bounded and uniformly continuous derivatives of all orders (see the 
specific construction given in Subsection 17.31) . 

Another useful application of Theorem 15.11 again combined with Theorem 14.121 is 
the following result concerning the possibility of the atomic representations to converge 
pointwisely: 
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Corollary 5.4. Let w G W“ i a2; p,q E P log (f"), K,L E No and d > 1 be such that 


K > max{o! 2 , 0 } and 

L > a p - — Oi + ci og (l/g) m the B case or L > a p - tq - — ar in the F case. 

for 

such f give an optimal representation 


Then, given any f G S, the atoms aj m and coefficients Xgiven in Theorem 4.12 


f 


E 


Xjm Ujm 


(j,m)G NqxZ 71 


in Apf q ^ with the convergence holding pointwisely (and even in a uniform way). 
Proof. Step 1 : By Theorem 15.II and the comment preceding it, any sum 


(5.3) 


(.7,ra)ENoxZ T 


Xjm djm 


with ( K , 0, d)-atoms ao m , m G Z n , (K, L , d)-atoms aj m , j G N, m G Z n , and coefficients 
(Xj m ) G l5 with 0 < £ < oo, K > s, L > a t — s, d > 1, holds with convergence in 
B) j. By classical Sobolev embeddings for Besov spaces (see, e.g., [SB] Theorem 2.7.1(i)]), 
Bf '-A if s = j, where < -A C (see [38] Proposition 2.5.7]), the C standing for 
the space of all (complex-valued) bounded and uniformly continuous functions on M n , 
endowed with the sup-norm. Putting everything together, if s — j then the convergence 
in (15.31) is not only pointwise but even uniform. Noticing that at = 0 if t > 1 and 
that we can take, in the framework above, t finite as big as one wants and s positive 
correspondingly close to 0 (by the relation s = j), we see that given K > 0, L > 0, 
d > 1 , it is always possible to choose s and t so that the requirements above are satisfied. 
Assume that such a choice has been made. 

Step 2: Since S is contained in any Besov space, using Theorem 14.121 with B( x instead 
of 7l“.)q(.), we can say, given / G S, that the construction in (14.1211 indeed satisfies 
(Xj m ) G bf j, and therefore the convergence implied there holds also in the sense of (15.311 . 
in particular in a pointwise and even uniform way. On the other hand, if one wants to 
think about / as an element of y then the same coefficients (Xjm) also belong to 

a v(-) <?(■) an< ^’ case we h ave been careful enough to have chosen previously K > ct 2 , and 
L > a p - — a\ + ci og (l/g) in the B case or L > a p - tq - — a\ in the F case, we have, by 
Theorem 14.91 that the obtained (I4.12H is indeed an optimal atomic representation of / in 
A “(_) - see also Remark f4.131 (ii). □ 


6 . Applications to Sobolev type embeddings 


We have already observed that the proof of Proposition 14.61 (given in Subsection 17.1H 
takes advantage of a Sobolev type embedding for the sequence spaces q ^. Although 
the particular case q = oo is enough in that part, we take the opportunity to give a 
general result for arbitrary q. In this way, we will be able to obtain a Sobolev embedding 
for the 2-microlocal Besov spaces B™^ q ^ later on. 


Theorem 6.1. Let w 1 G W “ 1 a2 , Po,P\ G V log (M. n ) and X be locally \og-Holder continuous. 
If Po < Pi and 


Wj(x) 

Wj(x) 


2 j \po( x ) 


n 1 
PiG) J 


x G R n , j G N 0 , 
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then 

b M-uu ^ *£<■)„(■)■ 

Notice that the assumptions in the theorem imply that w° is also an admissible weight 
sequence. 

If q is constant (situation already discussed in [251 Proposition 3.9]), we can easily see 
that the embedding above follows from the Nikolskii type inequality 


'y a Aj m Wj(-) Xjm I ^pi(-) 

< c 

X— • / n n \ . 

2^ A jmWji-) 2 J W) Xjm Ppo(-) 

meZ" 


meZ" 


where c > 0 does not depend on j G N 0 nor on A = (A j m ). 

The proof of (16.111 can be done by adapting the arguments from [3, Lemma 6.3] (see 
also [321 Lemma 2.9]). 

When q is variable the situation is more complicated since an additional error term 
appears in the inequality. In the sequel we will see how to deal with the general case. 
Note that we can assume here q~ < oo since otherwise it can be treated as the constant 
exponent q — oo. 

Proposition 6.2. Let p 0 ,pi G P log (]R n ) with p 0 < pi, and - be locally log -Holder contin¬ 
uous with q~ < oo. Let also ( Wj)j be a sequence satisfying (13. ip for some a > 0. Then 
there exists Cq G (0,1] such that 


inf < Pj > 0 : Q p p.) 


Co ^jm w j Xjr 


h 


1 

<?(■) 


\ ' \ . ‘ir . 2^po(-) pi(‘) ^ v ■ 


< 1 


n n 


< inf < Hj > 0 : £ po( .) 


h 


1 

mi 


< 1 > + , 


for all j G No and all (A j m ) C C, provided the infimum on the right-hand side is at most 
one. 


Using the unit ball property, the above generalized Nikolskii’s inequality and the es¬ 
timate from Lemma 12.11 combined with scaling arguments, it is not hard to get the 
inequality 

l|A|<. )M . ) ||<3‘/’-c 0 -‘||A|6S ) , a( . ) || 

(co is the constant from Proposition 16.21) . from which the embedding in Theorem 16.11 
follows. 

For the proof of the above proposition we need the following technical lemma. It is 
very easy to prove, so that we omit details. 

Lemma 6.3. For any R > 0 we have 

(6-2) Xjm(x) < (r)j,R * Xjm ) (x) 

with the implicit constant independent of x G M n , j G No and m G TL. 

Proof of Proposition 1 6. 6 2\ Technically the case q + = oo is more complicated to deal with, 
but it can be handled by using similar arguments to the case q + < oo. We give details 
for the latter only. The proof below is based on ideas from j3j Lemma 6.3]. 
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If q + < oo then we want to show that 
(6.3) 

x x q ^ 

1-0 / J Xjm T j Xjm. 

m£Z" 


Lpi oo 
9(0 


< 


E - / n _ n \ 

A jm Wj 2 3( P0( ) Pi U } Xjr 


meZ" 


«(■) 


L po(-) 

9(0 


+ 2“ J 


when the quasi-norm of the right-hand side is less than or equal to one. Let Vj(x) := 

_ • n 

Wj(x ) 2 ■'piU) , x G K n , j G N 0 , and let Sj denote the right-hand side of (16.31) . For any 
r > 0, j G Nq, and almost every i G 1", we have 


X 90 

j 


^ ^ Xj m Vj(x) Xjm(x) 

m6 Z" 


_ X 9M 
3 


'y ^ l-^jml v j( x ) Xjm(x) Xjm(x) 
me Z n 


< Ci^. 9(x) ^ |Ajm| r Uj(a;) r Xjm(a;) (%R*Xjm)(z) 

mGZ' 


< C 1 C 2 / V |A iTO | r (5- Vj(y) r Tj jtR (x - y)xjm(y) dy 
meZ“ 

where i? > 0 is arbitrary, Ci > 0 is the constant from (16.21) and c 2 > 0 comes from moving 

- r 

the quantity S J ^ Vj(x) r inside the convolution. We show briefly how this can be done. 
Clearly, it is enough to prove that 

Sj qM Vj(x) m Sj q(y) Vj(y ), x, y G Q jm , 

with the implicit constants independent of x, y,j, m and (Xjm)- The problematic part here 
is the first factor in the product. However, this can be dealt with using the assumption 
on the quasi-norm on the right-hand side of (16.3D . which implies Sj G [2~ J ', 1 + 2 _J ], so 
that —1 < loe j 2 J < 1 for j G N, together with the local log-H51der continuity of K 
Taking r G (0,Pq ) we can dominate the right-hand side of the previous inequality by 


2 ci c 2 c 3 


Xjm Sj 9(0 Vj(-)2 3 Xjr 


LprX) 


m£Z" 


after applying Holder’s inequality with exponent p 0 /r > 1, with 


2 -To(-) r] j)R (x - •) | L (Pn( . )) , 


< c 3 . 


Note that we have c 3 G (0, oo), independent of x and j, if we choose i? such that 
1 )T > "• To see this just calculate the semimodular and use (12.ID to estimate 
the corresponding norm. Taking Cq r := 2ci c 2 c 3 (which can always be assumed to be at 
least one and independent of j, x and (A jm )). from the definition of Sj we get 


c 0 S, 


q(x) 


| ^ ^ ^jm Vj (^) 

< 

^ A jm ^ 9(0 Vj(-) 2 j ^U 7 Lp o( .) 

mGZ n 


meZ" 


< 1 . 


Using the fact that Cq G (0,1] and that pi(x) > Po(x), we can conclude that 


Q v i (■) ( S 
IFF 


-1 

3 


c 0 y ^ Xj m Wj (■) Xjm 
me Z" 


9(0 


< QedF [ y 1 | J2 Xjm v j (') ) Xir 

m£S" 


£?(-) 


< 1 
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where the last inequality follows from the unit ball property, observing that the corre¬ 
sponding quasi-norm is at most one by the definition of 5 and Vj. By the same property, 
we have 



c 0 


E 

m£Z n 


\jm 


/) Xjr 


9(0 


L 


V l(') 
<20 


< 1 , 


from which the inequality (16.31) follows by homogeneity. 


□ 


Corollary 6.4. Let w 1 £ a2 and Po? Pi? 1 £ P log (M n ). If p 0 < pi and 


Wj(x) 

w](x) 


n n 


then 


= 2 j VpoO) pi(*)/, x £ R n , j £ N 0 , 


R w ° RW 1 


Proof. The idea is to transfer the embedding given in Theorem 16.11 to the Besov spaces 
via atomic decompositions. Consider K, L £ No such that K > and L > a p - — aq + 

ci og (l/g). Let d > 1. By Theorem 14.121 for each / £ j we can write 


/ = E E A 

j(=0 mEj/ 1 


jm &jm 


(convergence in S') 


with 


(6-4) II a (/)ICmoII^ c II/I<- ) m-)II> 

where c > 0 is independent of /, and ao m , m £ ZP, are (A", 0, d)-atoms and a jm , j £ N, 
m £ Z n , are (AT, L, d)-atoms. From Theorem 16.11 we have that 

(6-5) HA(/) | < c' ||A(/) | 6J 0 o M .)|| 

with c! > 0 not depending on A(/). Due to our choice of K and A, Theorem 14.91 and 
Remark 14.101 guarantee then the given / belongs also to ^ and 

(6-6) H/I ^( ),9(-)H ^ c " H A (/) I ^C),9(-)IU 

with c" > 0 independent of /. Combining (16.41) - (16.61) we get the required inequality. □ 


Remark 6.5. For constant q (and even more when p is also constant) there is a real 
advantage in proving Sobolev type embeddings for Besov spaces via atomic representa¬ 
tions, since a corresponding discrete version is easy to obtain. This is not exactly the 
case when we deal with variable exponents q. In fact, the proof of Theorem 16.11 above 
already required a complicated result playing the role of classical Nikolskii’s inequalities. 
An alternative approach to the embedding in Corollary 16.41 would be to show it directly 
from an adapted version of Proposition 16.21 (cf. [3j Lemma 6.31 in the case of variable 
smoothness). 

The previous corollary can be seen as an extension of (3J Theorem 6.4] to the 2- 
microlocal setting. 

Corollary 6.6. Let w° £ W^ a2 , w 1 £ and p 0 ,p 1 ,q 0 ,q 1 £ V l ° s (R n ) with 

w°Ax) An _n ,_ r _A 

1 < — -= 2 J W®) pi w *• v, x £ M , j £ N 0 . 

Wj[X) 
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If £ >0 then 


R w ° , . RW 1 

^Po(')>9o(') ^ ^PlO.nO' 


Proof. Let w £ Ax) := w](x ) 2 je ^, j 6 No, x G M”. By Corollary 16.41 and Proposition 13.21 


R w ° R w ° RW e R w1 

^PoOiloO ^ ^po{-),00 ^ ^ ■/>!(•) >91 (■)’ 


In the last embedding we used the fact that (^|) . = (2 ^ £ ^)j G ^(Loq) with -4 = 


4- — ^) + = 4>, which is ensured by the hypotheses e > 0 . 


□ 


Remark 6.7. As regards the assumptions on q ?s in the above corollary, we can just assume 
q 0l q± G ViW 1 ) when the fixed admissible system is the same for all the spaces. 

Sobolev type embeddings for spaces with variable smoothness and integrability were 
already studied in [3] and in [39]. Embeddings dealing with the more general spaces 
A™.) ^^ were recently studied in the papers [T 6 ], [32] (for constant q in the B case). 

7. Proofs and comments on atomic and molecular results 


7.1. Proof of Proposition I4l6l 

Step 1 : Convergence of the inner sum in (14.61) (both pointwisely and in S'). By the 
properties of the class W“ Q2 we have 

2~ jo ‘ 1 Wj(2~ j m) (1 + 2 j \x — 2~ j m\) a (1 + \x\) a > 2 ~ joil Wj(x) (1 + \x\) a > 1 

(with the implicit constants independent of x G M n , j G No, m G 7L n ). On the other 
hand, the inequality 

(7-1) \X jm \wj(2- 3 m) ||Xjm \L K) \\ < ||A |6* ( . )i0 J 

holds for every j G No and m G Hence, for any (j) G <S, we have 

/ l^'ml \[ aa \jm(x)\ \<f>{x)\ dx 

J ^ n mez» 

< f \ |A jm \2- jai w j {2~ j m) (1 + 2 j \x - 2~ j m\) a - M (1 + |x|) Q | 0 (x)| dx 


m£Z n 


< 2 


-P'~P ||A | 6 £,, J| / £ (1 + 2>\x - 2->m\)°- u (1 + |x|)“|^)| dx 

jRn meZ» 


< 2 - ) V-A)||A| 6 p - ( . )|00 || / (l + \x\r\<t,(x)\dx 

J R" 

■ n 

where in the second step we used that 2 J p- ||^- m |L p (.)|| > 1 (by ( 12 . 21 ) ) combined with 
inequality (17.11) . and in the third we observed that 

(1 + 2j \ x ~ 2- j m\) a ~ M < (1 + \P X \ ~ m\) a ~ M = (1 + \™'\Y~ M < oo 

mGZ n mGZ n m'EZ 77 - 

since M — a > n (so the sum is bounded from above by a constant not depending on x 
nor j). Therefore, there exists c > 0 such that 


(7.2) 


L - |A 

“' Rn m£Z" 


jm | | [CLCl\jm\X) 


(x)\ dx < c2 


-P'~P ||A |6p(.) j0o || P„ +2+M «>) 
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for all j 6 No, A e ^ and 0 G S, where 

pjv(0) := sup(l + M)* Y \ D1 ^ X )V 

* eRn h \<N 

Since the right-hand side in (17.21) is finite, we conclude that the inner sum in (14.61) is 
absolutely convergent almost everywhere (a.e.), and consequently convergent a.e.. 

It remains to show that this sum converges also in S' to the regular distribution given by 

(7.3) fj(x) ■■= Y ^jm[aa]jm( x ), x - a.e. in M n . 

mGZ n 


The idea here is to reduce the convergence problem in S' to the study of convergence of 
appropriate families in C. Observing that Z n is (infinitely) countable and that the sum 
is absolutely convergent, as mentioned above, after re-indexing the terms we can write 

OO 

fj = Y A ? k [Htfc = Y ^ k [ aa ]t fc ’ a - e - in 

fceNo k =o 


Given any 0 e S, by (17.21) the Lebesgue dominated convergence theorem can be applied 
to yield 

lim / y A jk[aa]jk{x) 4>(x) dx = / fj(x) 4>(x) dx , 

K ^°° J K" ^ 

that is, 

OO 

Y( X jk [ aa\j k , 0 ) = (fj, 0 ) in C. 

k=0 

Clearly we can use the same arguments above whatever the order we choose in No to 
construct a standard series, so 


OO 

'Y^( X J k l aa \jk, 0 ) is unconditionally convergent to (fj, 0) in C 
k=o 


(for each hxed j G No) and therefore 


Y (\m [aa} jm , 0) = (fj, 0) in C. 

mGZ n 

Since 0 is arbitrary in S, for any j G No we finally conclude that the inner sum in (14.61) 
converges indeed in S' (to the regular distribution fj defined in (17.3D ). 

Step 2: Convergence of the outer sum in (14.6D . This convergence follows if we show 
that there exist iV e N and c > 0 such that 

OO 

Y \(fv^) \ ^ C Pn(0) 

3=0 

for all 0 6 5, where fj are the regular distributions given by (17.3D . Such inequality can 
be derived following the arguments from 1 Appendix] (the choice of N being possible 
essentially due to the requirements in (I4.5D ). provided one uses the convergence of the 
inner sum not only in the pointwise sense but also in the sense of distributions (cf. Step 
1 above). That approach leads us to the explicit sufficient condition on the size of M 
given in (14.5D . 
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We note that a key tool used in the proof over there is the discrete Sobolev embedding 


h w c_v h w 

°p 0 (-),oo ^ °pi(-),oo 


for 


n n 


yj P ( %\ 

L - = 2 X eR n , j G No, 


Wj(X 


where w 1 G W“ i a2 and p 0 ,Pi G 7? log (R n ) with p 0 < Pi- 

S'tep 5: We show the convergence of the double series in (14.711 . Arguing as before, there 
exist IV G N and c > 0 such that 

OO 

EE 

j=0 mGZ n 

for all cj) G S . On the other hand, the Fubini’s theorem for sums yields 

OO 

^ ^ I (^jm 0) | — ^ ^ ^ ^ | (^jm \uQ]jm-> 0) | ^ c Pn{ ( P) 

(j,m)eNo xZ n n=0 mGZ n 

with c > 0 independent of 0. Therefore, arguing as in Step 2, we can show that the sum 
(14.71) converges in S' to the same distribution given by (14.61) . namely 


E a 

(. 7 ,ra)eNo xZ n 

with the distributions fj defined by (17.311 . 


jm [CICL\ jm 


E fi 

3 =0 


□ 


7.2. On the proof of Theorem 14.91 

The proof can be carried out using the general scheme given in [25], so we are not going 
to repeat the arguments. However, since modifications to the usual auxiliary results are 
needed in order to include the more complicated case of variable q , mainly in the B case 
which was not studied in [25], we make some comments here. 

The first point has to do with the bad behavior of the Hardy-Littlewood maximal op¬ 
erator in the mixed spaces Ep(-)(^j(-)) and £ q t.jL p ^) when q is variable. Instead of the 
usual technical estimates (as in [25] Lemma 3.7], [29, Lemma 7.1]), convolution inequal¬ 
ities involving ^-functions are used in combination with Lemma 12.41 This approach was 
already suggested in (25] Section 5] when dealing with the space F™, but we find the 
next formulation, which slightly differs from Lemma 5.5 in that paper, more appropriate 
in general. 


Lemma 7.1. Let j , v G N 0; x G K n , 0 < t < 1, R > n/t and (/w) meZ n c C. 
^ |^w|(l + 2 mm ^ j} |x — 2~ u m\)~ R < max{l, 2 (i ' -j)h } h ^Xvm 

m^ r L ri \ mEZ n 

with the implicit constant independent ofj,v,x and ( h um ). 


Then 



0 ), 


Another important tool used in the proof of Theorem 14.91 is the discrete convolution 
inequality [26] Lemma 9], which is not so easy to prove in the B case and when q is 
variable. In this respect, we refer the reader to [2] Lemma 3.4] for a detailed proof of it, 
generalizing the arguments from [35] , 

Finally we point out a further statement needed, now for dealing with convolutions 
between molecules and functions from an admissible system {pj}. It is similar to [ T5l 
Lemma 3.3]: 
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Lemma 7.2. Let {<fj} be an admissible system and ([aa]j m ) be a system of (K, L, M)- 
molecules if j E N, and ( K , 0, M)-molecules if j = 0, for given K, L EN 0 and M > L + n. 
Let also N > 0 be such that M > N + L + n. Then 

|(Tj * [aa]„ m )(x)\ < 2-^- J ^ L+n \l + 2 J \x - 2 ~ v m\)~ N , for j < v, 

and 

\{Vj * [aa]„ m )(x)\ < 2~ (j ~ u)k (1 + 2 u \x - 2~ u m\)~ M , for j > v, 
with the implicit constants independent of x E W 1 , m E TT and j, v E No, and even 
independent of the particular system of molecules taken (as long as K,L,M are kept 
fixed). 

This is partly used to show that, for each j E No, both sums in 

OO 

^ ^ ^ ^ ^um (jPj * [®®]») 

u=0 m£Z" 

converge both pointwisely and in S' (to the same regular distribution). Although we 
are skipping many details here, we would like to stress that both types of convergence 
are important in a proof of a result like Theorem 14.91 following the mentioned scheme, 
something which is not always clearly stated in the literature. 


7.3. Proof of Theorem 14.121 

Let us first formulate an auxiliary result, which is a refinement of (25* Lemma 3.6] (see 
also the proof of [T5l Theorem 2.6.ii)]): 

Lemma 7.3. Given L E N 0 and a > 0, there are 5 > 0 and <f> 0 , <f, if 0 , if E S such that 

supp0 o , supp0 C 5(0, cr), / x l3 (f(x)dx = 0 for 0 < |/3| < L, 

J R™ 

\(fo(x)\ > 0 for |x| < 26, \4>(x)\ > 0 for 6/2 < \x\ < 26, 

\ifo(x)\ > 0 iff \x\ < 25, \if(x)\ >0 if 5/2 < \x\ < 25, 

and, for any f E S', there holds 

CO 

(fof’of + ^0(2 _J -) if(2~ j -)f = / (convergence in S'). 

j = 1 

Step 1\ Proof of assertion (a). Let / G S'. For the given L and a := |(d — 1) > 0, 
consider 5, (fo, 4>, ifo, if according to the previous lemma and apply the corresponding 
formula to / G S'. Then 

OO 

(7.4) (27r) n / = (f 0 *ifo * f + E <fj * if j * / (convergence in S'), 

j= 1 

with <fj = 2 - ?n 0 ( 2 J '-) and ifj = 2- 7 n 0(2- ? -), j E N. Simple calculations show that, for fixed 
j E N 0 and a: G M n , we get 

( 0 i * ifj * f){x) = / fate ~ y)^3 * f)(v) d v = ( 27r )” 

m£Z" J Qjm m£Z" 


X jm 


■=C K ^ sup \(ifj*f){y) | with C, 

yeQjm 


k,<s> ■— max sup \D ! ^(y)\ 

uCRri 

\&\<K 


where 
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and 

(27r) -n f 

a jm{x) := —- / <j>j(x - * f)(y) dy if X jm ± 0, 

Ajm J Q jm 

otherwise we take cij m (x ) = 0. 

After some calculations with the auxiliary functions from Lemma 17.31 we conclude that 
aom and a jm , j G N, are indeed (A", 0, d)-atoms and (AT, A, d)-atoms, respectively, and, 
moreover, they are Schwartz functions (note that they have continuous derivatives of all 
orders). 

Finally we note that from (17.41) and the calculations above we have 


/ — / j 7 , 
j=0 m£Z" 

with the outer sum converging in S' and the inner sum taken in the pointwise sense. 

Step 2\ Proof of assertion (b). Let / G We show that the resulting A(/) := 

(Xjm) as defined above is in the corresponding sequence space and its quasi-norm 

is controlled from above by a constant times \\f | A™^ 

For each j G N 0 and x G U m^Qjm, we have 

| X jm x jm ( x )\ < Ck,® sup \(^j*f)(y)\, 

m£l n y&Qjm 


where the m on the right-hand side is the only m G Z n such that x G Qj m . Multiplying 
both sides of the inequality above by Wj(x) and noting that 2^\x — y\ < i/n when x and 
y belong to the same cube Qj m , we get 


Wj(x)Xj m Xjm(x)\ < (1 + n T,2 )C K ^w j (x)(^*f) T (x), 

m£l n 


almost everywhere, where 


Af), 


(x) := sup 


Wj*f(y)\ 

1 + \2t(x — y) l 1 


stands for the usual Peetre maximal functions (here r > 0 is arbitrary). It is easy to 
check that the functions ip above fit in the requirements of [21 Theorem 3.1] if we pick 
a positive e there appropriate to the previously fixed S > 0, namely taking e G (5, 26). If 
we are careful in choosing r > 0 large enough according to the same theorem, then we 
obtain 

l|A(/) |f£’H,,(. l ll < UK (Vl4o(U(.))ll « ll/|Bp”),»(.)ll < 00 

in the B case, and similarly in the F case. By an argument similar to the one used in 
Step 1 of the proof of Proposition 14.61 (see Subsection 17.11) . now adapted to our situation 
dealing with atoms, we can show that, with no further assumptions, the inner sum above 
also converges in S' to the regular distribution given by the corresponding pointwise sum. 
The proof is then complete. □ 


Acknowledgement. We would like to thank Henning Kempka for a discussion about 
the proof of Lemma [7.11 and on the size conditions on M referred in Remark 14.101 
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